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Abstract
Analytic expressions have been derived for the interaction potential between
dipolar bright solitons and the binding energy of a two-soliton molecule. The
properties of these localized structures are explored with a focus on their
behavior in the weakly bound regime, with a small binding energy. Using
the variational approach a coupled system of ordinary differential equations
for the parameters of a soliton molecule is obtained for the description of their
evolution. Predictions of the model are compared with numerical simulations
of the governing nonlocal Gross-Pitaevskii equation and good qualitative
agreement between them is demonstrated.
Keywords: Dipolar condensate, soliton, bound state, potential of
interaction
1. Introduction
The realization of Bose-Einstein condensation (BEC) of atomic species
with large natural magnetic moments, such as chromium [1, 2], dysprosium
[3, 4], erbium [5] and heteronuclear dipolar quantum mixtures of erbium and
dysprosium atoms [6] has initiated new directions of research in the field of
ultra-cold quantum gases. The physical properties of dipolar condensates are
essentially different [7] as compared to other members of the BEC family with
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contact atomic interactions [8, 9]. The differences originate from the long-
range and anisotropic dipole-dipole interaction potential between atoms in
the gas, which decay with distance as ∼ 1/x3. In contrast to this, the atoms
in non-dipolar BEC interact only when they are at the same spatial location,
the so called contact interactions. The effects of the anisotropic and long
range dipolar atomic interactions were observed in diverse forms, such as
in intriguing collapse mechanism [10], emergence of a roton-like branch in
the excitation spectrum [11, 12], modification of superfluid properties [13,
14], peculiar density fluctuations in the ground state [15], Faraday patterns
sensitive to the roton mode [16] and other novel many-body effects in dipolar
quantum gases [17, 18]. The properties of dipolar BEC in quasi-2D traps were
analyzed in [19] and a number of analytic approximations for the condensate
excitation spectrum were introduced.
Among a rich variety of nonlinear wave phenomena in dipolar BEC a par-
ticularly interesting one is the existence of stable isotropic and anisotropic 2D
solitons [20, 21, 22], given the fact that multi-dimensional solitons in conven-
tional BEC with contact atomic interactions are unstable against collapse
or decay. In quasi-1D BEC with competing dipolar and local interactions
bright soliton families were found in free space and in the presence of optical
lattices [23]. In this work and subsequent papers [24, 25, 26] by analyzing dif-
ferent regimes of soliton collisions the regions in the parameter space where
colliding solitons either merge or pass through each other were investigated.
Dynamics and head-on collisions of solitons in dipolar BEC confined to 2D
and 3D traps were investigated by variational approach and numerical simu-
lations [27]. The transmission, reflection and splitting regimes for a dipolar
soliton moving in a parabolic trap with a barrier potential at its center were
also studied [28]. The existence, stability and collisions of dipolar bright
solitons, showing a number of novel features, were analyzed [29]. The dipo-
lar BEC with repulsive nonlinearity supports dark solitons, appearing as a
traveling local reduction of the field amplitude. Distinctive features of dark
solitons in dipolar BEC, such as interaction sensitive oscillations in external
potentials, were reported [30].
During the last few years the existence, stability and dynamics of soliton
bound states in dipolar BEC, so called soliton molecules, have attracted con-
siderable interest. The possibility of molecular type of interaction between
two solitons, reflected through the fact that they attract each-other at long
distances and repel at short distances was theoretically studied [31, 32]. In
these models individual solitons, forming the bound state, reside in separate
2
layers. Numerical analysis of soliton bound states in quasi-2D dipolar BEC
was presented [33]. The vibration spectrum of a two-soliton molecule in dipo-
lar BEC confined to a quasi-1D trap was studied in [34], while the conditions
when two solitons can form a stable bound state has been analyzed using
the variational approach and numerical simulations [35]. Recently similar
bound states of dark solitons in dipolar BEC were reported in [36], where
the shape of the interaction potential between two dark solitons was numeri-
cally generated. The emission of phonons by colliding dark solitons and their
simultaneous acceleration was another important finding in that work. The
existence, stability and collision dynamics of dark solitons in quasi-1D dipolar
BEC along with formation of bound states of dark solitons were investigated
[37].
Nowadays research on dipolar quantum gases in general, and dipolar soli-
tons in particular, is actively pursued due to novel physical phenomena ob-
served in dipolar BEC [38, 39, 40] and many promising practical applica-
tions [41, 42]. For instance, the authors of a recent work [43] have demon-
strated that oscillations of a dipolar condensate near the superconducting
surface (atom chip) can induce eddy currents in it, which act back on the
BEC. The interaction of a dipolar BEC with a superconductor via eddy cur-
rents provides a new physical mechanism for the coupling between these two
macroscopic quantum systems. The eddy currents can change the oscillation
frequency of the condensate moving near the superconducting surface and
excite collective modes in BEC [44].
Despite the good progress achieved in understanding the physics of dipo-
lar condensates and propagation of nonlinear waves in these media, there
are many open issues awaiting their clarification. In particular, when the
short-range contact interactions and long-range dipolar interactions between
atoms nearly balance each-other an additional term in the equation, the so
called beyond mean field term, becomes important [45, 46]. This term origi-
nating from quantum fluctuations is responsible for the existence of quantum
droplets, a novel ultra dilute liquid state of matter [38, 39, 40]. The exis-
tence regimes, stability and dynamics of quantum droplets in dipolar BEC
are among the actively explored topics in contemporary physics of ultracold
gases.
Our objective in this work is to derive the analytic form of the interac-
tion potential between two bright solitons in dipolar BEC and estimate the
binding energy of a two-soliton molecule. Special attention will be given to
investigation of weakly bound states of these localized structures with a small
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binding energy. Next we explore the dynamics of bright solitons and two-
soliton molecules under slowly varying strength of dipolar interactions. We
address the problem analytically using a variational approach (VA), and nu-
merically by solving the governing nonlocal Gross-Pitaevskii equation (GPE).
The resulting equations will allow to reveal the features of dipolar solitons
and two-soliton molecules in the weakly bound regime, when the competing
short-range contact interactions (q < 0) and long-range dipolar interactions
(g > 0) nearly balance each-other. However, despite the smallness of the net
attractive interactions, the above mentioned beyond mean field effects are
supposed to be still negligible, and omitted from the governing equation.
2. Model equations and variational approach
We consider the dynamics of single solitons and two-soliton molecules in
a dipolar BEC confined to a quasi-1D trap. The governing equation of our
model is the one-dimensional nonlocal GPE for the mean-field wave function
of the condensate ψ(x, t)
iψt +
1
2
ψxx + q|ψ|2ψ + gψ(x, t)
∫ +∞
−∞
R(|x− x′|) |ψ(x′, t)|2 dx′ = 0, (1)
where the subscripts denote partial derivatives. The dimensionless quantities,
entering this equation are scaled using the frequency of the radial confinement
ω⊥, atomic mass m and radial harmonic oscillator length l⊥ =
√
h¯/mω⊥ as
follows: time t → tω⊥, space x → x/l⊥, wave function ψ →
√
2as0ψ, the
coefficient of contact interactions q → as/|as0|, the coefficient of long-range
dipolar interactions g → ad/|as0|. The background values of the atomic
scattering length as0 and the length scale of dipolar interactions ad = md
2/h¯2
are supposed to be known characteristics of the condensate. Although, in
experiments both the atomic scattering length as and dipole moment of atoms
d can be varied through external magnetic, electric or optical fields.
The response function R(x) in the integral term of Eq. (1) character-
izes the degree of non-locality of the medium. It shows how strongly the
properties of the medium at a given location depend on the properties of its
neighborhood. An analytic expression for the response function of a quasi-1D
dipolar BEC was obtained in a single mode approximation [47].
R(x) = (1 + 2x2) exp(x2) erfc(|x|)− 2pi−1/2|x|. (2)
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While relevant analytic calculations are complicated it is worth mentioning
that the response function is characterized by a cusp at x = 0. For practi-
cal reasons, however, another function was proposed in [23], which behaves
smoothly at the origin and is more convenient for analytical treatment
R(x) = (σ2x2 + 1)−3/2. (3)
The value of the cutoff parameter σ = pi1/2 was found from the condition of
equal areas beneath the curves of the single mode kernel and the one given
by Eq. (3). A very good correspondence between the two response functions
was noted (see Fig. 1 in Ref. [23]). Hence, our variational calculations will
be based on the response function given by Eq. (3).
For an arbitrary external potential and nonlocal term Eq. (1) does not
possess analytic solution. The variational approach [48, 49] is frequently
used to study the dynamics of solitons governed by this type of equations.
To develop the VA for our model we note that Eq. (1) can be generated from
the following Lagrangian density
L = i
2
(ψψ∗t − ψ∗ψt) +
1
2
|ψx|2 − q
2
|ψ|4 −
g
2
|ψ(x, t)|2
∞∫
−∞
R(|x− x′|)|ψ(x′, t)|2dx′. (4)
The success of the VA strongly depends on the right choice of the trial func-
tion. On one hand the selected function should closely match the shape of the
localized state (soliton or molecule), and on the other hand it should lead
to analytically tractable integrals associated with this Lagrangian. Below
we develop the suitable models for a single soliton and two-soliton molecule
using the Gauss-Hermite trial functions.
2.1. Variational approach for single solitons
To derive variational equations for a single soliton moving in the external
potential we use the Gaussian trial function
ψ(x, t) = A exp
[
−(x− ξ)
2
2a2
+ ib(x − ξ)2 + iv(x− ξ) + iφ
]
, (5)
where A(t), a(t), b(t), ξ(t), v(t), φ(t) are time-dependent variational parame-
ters, meaning the amplitude, width, chirp parameter, position of the center-
of-mass, velocity and phase of the soliton, respectively. The velocity is de-
fined as a time derivative of the soliton’s center-of-mass position v = ξt. The
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norm N = A2a
√
pi, which is a conserved quantity of the governing equation,
is proportional to the number of atoms in the condensate.
Substitution of Eq. (3) and Eq. (5) in the Lagrangian density (4), fol-
lowed by spacial integration, L =
∫
∞
−∞
Ldx, leads to the effective Lagrangian
L
N
=
1
2
a2bt− 1
2
ξ2t +φt+
1
4a2
+a2b2− qN
2
√
2pia
− gN
2
√
2σa
U
(
1
2
, 0,
1
2σ2a2
)
, (6)
where U(a, b, c) = 1
Γ(a)
∫
∞
0 e
−ctta−1(t + 1)b−a−1dt is the confluent hypergeo-
metric function [50], with Γ(a) being the gamma function. Now using the
associated Euler-Lagrange equations d/dt(∂L/∂νt)−∂L/∂ν = 0 for the vari-
ational parameters ν → a, b, ξ, φ one can derive the following equation
for the width
att =
1
a3
− qN√
2pia2
+
gN√
2σ
∂Fs(a, σ)
∂a
, (7)
where the non-locality function Fs(a, σ) is given by
Fs(a, σ) =
1
a
U
(
1
2
, 0,
1
2σ2a2
)
. (8)
The stationary width a0 and amplitude A0 = [N/(a0
√
pi)]
1/2
of the soliton
with a given norm N can be found from the fixed point of Eq. (7).
The Eq. (7) has a formal analogy with the equation of motion for a unit
mass particle moving in the anharmonic potential
att = −∂U
∂a
, U(a) =
1
2a2
− qN√
2pia
− gN√
2σ
Fs(a, σ). (9)
The presence of a local minimum in this potential for a given set of param-
eters indicates the existence of a self-bound localized state, which is also
called soliton, despite the non-integrability of the governing Eq. (1). In Fig.
1 we illustrate the numerical experiment with Eq. (1) when the VA predicted
wave profile Eq. (5) is introduced as initial condition, and the strength of
the dipolar interactions is linearly decreased with time. Since the variational
solution is approximate one, at the beginning the amplitude while decreas-
ing oscillates at a high frequency, which is an evidence for a strongly bound
soliton. At some critical value of the dipolar strength g = gcr the soliton
disintegrates, and the local minimum in the potential Eq. (9) disappears.
Below this critical value of the strength of dipolar interaction the net non-
linearity in Eq. (1) becomes repulsive, and the system does not support
self-bound bright localized states. Throughout the paper we consider the
repulsive contact interactions with q = −1.
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Figure 1: Left panel: The soliton amplitude according to numerical solution of the GPE (1)
with the VA predicted initial condition and linearly decreasing strength of dipolar in-
teractions g(t) = g0(1 − t/tend) for parameters N = 1, A = 0.7, a = 1.15, q = −1,
g0 = 4, tend = 1000. Until t ≃ 600 which corresponds to gcr = 1.6 the amplitude decreases
in an oscillatory manner, after that oscillations cease, indicating to disintegration of the
soliton. Right panel: The potential Eq. (9) for the initial (g = 4) and critical (g = 1.6)
values of the strength of dipolar interactions. The local minimum disappears below the
critical value, therefore self-bound localized states do not exist in this case.
2.2. Variational approach for two-soliton molecules
As a trial function for two-soliton molecules we select the Gauss-Hermite
function proposed in [51, 52]
ψ(x, t) = A(x− ξ) exp
[
−(x− ξ)
2
2a2
+ ib(x− ξ)2 + iv(x− ξ) + iφ
]
, (10)
where the meaning of the variational parameters are similar to those of a
single soliton considered above. It should be noted that Eq. (10) adequately
describes the properties of two-soliton molecules when the solitons move near
their equilibrium positions. At large separations of solitons this waveform
deviates from the superposition of two anti-phase solitons, leading to a lower
accuracy of the method.
Substitution of Eq. (10) into Eq. (4) and integration over space variable
gives the effective Lagrangian
L
N
=
3
2
a2bt − 1
2
ξ2t + φt +
3
4a2
+ 3a2b2 − 3 qN
8
√
2pia
− gN
16
√
2pi
Fm(a, σ). (11)
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The equation for the width can be obtained from the Euler-Lagrange equa-
tions
att =
1
a3
− qN
4
√
2pia2
+
gN
24
√
2pi
∂Fm(a, σ)
∂a
, (12)
where
Fm(a, σ) = exp[(2σa)
−2]
(
[1 + 3(σa)2 + 3(σa)4]K1[(2σa)
−2]
−[1 + 5(σa)2 + 7(σa)4]K0[(2σa)−2]
)
/(σa)7, (13)
K0(x), K1(x) - are the modified Bessel functions of the second kind. The fixed
point of Eq. (12) gives the stationary shape of the two-soliton molecule.
The waveforms of a two-soliton molecule according to these equations are
presented in Fig. 2 for two different strengths of dipolar interactions. The
center-of-mass positions of the solitons are located at x0 = ± 2a0/
√
pi, where
a0 is the fixed point of Eq. (12).
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Figure 2: Left panel: The waveforms for a strongly bound (g = 20) and weakly bound
(g = 12) two-soliton molecule, corresponding to the fixed point of Eq. (12) with N = 2,
q = −1, σ = √pi. Right panel: Dynamics of center-of-mass positions of solitons in
the two-soliton molecule. When the strength of attractive dipolar interactions is slowly
decreased with time g(t) = g0(1 − t/tend) for g0 = 12, tend = 200 the distance between
solitons increases in oscillatory manner and the molecule eventually disintegrates at t ≃ 90,
corresponding to g ≃ 7. The oscillations help to detect the time instance, when the
disintegration of the molecule occurs. The vibrations of the molecule is induced by slight
chirping of the initial waveform ψ(x, 0) e−ibx
2
, with b = 0.05.
The properties of two-soliton molecules in the weakly bound regime can
be probed by slowly reducing the strength of the dipolar atomic interactions.
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In the experiments tuning the dipolar interactions can be achieved by fast
rotation of the orientation of the dipoles in a magnetic field [53, 54]. When
the competing long-range dipolar and short-range contact interactions nearly
balance each-other, the bound state of two solitons becomes unstable against
small perturbations. A slight imbalance may lead to disintegration of the
molecule, as shown on the right panel of Fig. 2. In numerical simulations
we induce mild vibrations of the molecule by chirping the initial waveform.
The oscillatory component in the dynamics helps to detect precisely the
time instance when the dissociation of the molecule occurs. Just before the
disintegration the soliton molecule has a very small binding energy. Hence,
without the oscillatory component in the dynamics, it would be difficult to
detect the time instance, when the molecule dissociates into freely moving
solitons.
3. Potential of interaction between solitons
From numerical simulations of the GPE (1) it was noticed, that the po-
tential of interaction between solitons at large separations (a ≫ a0) notably
deviate from the prediction of variational approach (see the right panel of
Fig. 3). Obviously, this is due to the fact that the ansatz (10) does not well
represent two separate solitons when the distance between them is large.
The potential of interaction between two solitons, shown on the right
panel of Fig. 3 by blue symbols, has been constructed as follows: Two
sufficiently far separated solitons (but still “feeling” each - other) are pre-
pared in anti-phase configuration as initial condition in Eq. (1). Due to the
long - range dipolar attractive interaction they start to move toward each
- other. When the inter-soliton distance becomes small, they repel due to
the anti-phase configuration. The maximum and minimum of the center of
mass positions correspond to turning points xp1,2 in the potential well. Each
time when the soliton passes its equilibrium position (x = ± 2a0/
√
pi), the
potential energy fully transforms into kinetic energy. By measuring the max-
imal velocity vm one can define the potential energy at the turning points
U(xp1,2) = v
2
m/2, where the mass of the soliton is set to one. Repeating this
procedure with different initial separations, one can construct the shape of
the potential.
An alternative approach to evaluation of the interaction potential between
two solitons consists in analyzing the equation for the center-of-mass xc of
one soliton moving in the potential created by the other soliton [55]. Suppose
9
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Figure 3: Left panel: If two solitons are initially placed at a distance larger than the equi-
librium separation (x0 = ± 2a0
√
pi) they attract each - other due to the long-range dipolar
interactions. When the inter-soliton distance becomes small, repulsion due to anti-phase
configuration becomes prevailing and solitons start to move in opposite direction. This
process gives rise to oscillations of the two-soliton molecule. Right panel: The potential of
interaction between two solitons according to VA (red solid line) and numerical solution
of the nonlocal GPE (1) without external potential (blue symbols).
we have “left” and “right” solitons positioned at xc and −xc respectively. In
the case of attractive interactions the left soliton moves towards the right
soliton due to its modification of the “refractive index” of the medium
d 2xc
dt2
= − d
dx
(∆nR) |x=−xc, (14)
∆nR = q|ψ(x, t)|2 + g
∞∫
−∞
R(|x− x′|)|ψ(x′, t)|2dx′
Using the response function (3) and ansatz (5) we obtain the equation of
motion for the center-of-mass coordinate of the left soliton
d 2xc
dt2
= − 4qN
a3
√
pi
xc e
−4x2
c
/a2 − 3gNσ
2
a
√
pi
∞∫
−∞
t e−(t−2xc)
2/a2
(σ2t2 + 1)5/2
dt. (15)
On the right hand side of this equation we have the force, acting on the left
soliton. The potential is the integral of the force with respect to xc (below
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we write it by dropping the subscript)
U(x) =
qN
2
√
pia
e−4x
2/a2 +
3gNσ2
4
∞∫
−∞
τ erfc[(τ − 2x)/a]
(σ2τ 2 + 1)5/2
dτ, (16)
where erfc(z) is the complimentary error function[50]. The first term with
q < 0 is responsible for the short-range repulsive interaction, while the second
term with g > 0 corresponds to the long-range attractive interaction. The
potential Eq. (16) is depicted in Fig. 4. By comparing this figure with the
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Figure 4: The potential Eq.(16) originating from the presence of one soliton. The other
soliton moves under the influence of this potential. At long distances the potential decays
as ∼ 1/x3, which is a characteristic of dipolar interactions. The fitting parameter is equal
to α = −0.14.
right panel of Fig. 3 one can observe the qualitative agreement between the
numerically constructed potential and the prediction of Eq. (16).
4. The binding energy of a two-soliton molecule
The total energy of a single soliton or two-soliton molecule can be evalu-
ated from the GPE energy functional
E =
∞∫
−∞

1
2
|ψx|2 + q
2
|ψ|4 + g
2
|ψ|2
∞∫
−∞
R(|x− x′|)|ψ(x′)|2dx′

 dx, (17)
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where ψ(x) is the waveform of the localized state, while R(x) is the response
function.
By substituting in Eq. (17) the waveforms, corresponding to the single
soliton Eq. (5) and two-soliton molecule Eq. (10) we get the corresponding
energies
Es =
Ns
4a2s
− qN
2
s
2
√
2pias
− gN
2
s
2
√
2σ
Fs(as, σ), (18)
where Ns, as - are the norm and width of a single soliton, respectively, while
the function Fs(as, σ) is given by Eq. (8).
Similar expression for the total energy of the molecule has the form
Em =
3Nm
4a2m
− 3 qN
2
m
8
√
2piam
− gN
2
m
16
√
2pi
F (am, σ), (19)
where Nm, am - are the norm and width of a two-soliton molecule, respec-
tively, while the function Fm(am, σ) is given by Eq. (13).
The binding energy of a two-soliton molecule can be estimated as the
difference between the energy of the molecule, and the energies of two solitons
well separated from each other, i.e. non-interacting solitons.
∆E = Em − 2Es. (20)
To simplify the resulting expression, we use the approximate relations be-
tween the parameters of the molecule and single solitons which form this
molecule being placed at the equilibrium distance.
The waveform of a two-soliton molecule (10) can be well approximated
by two anti-phase solitons, as illustrated in Fig. 5
ψ(x) = As
[
e−(x−x0)
2/2a2
s − e−(x+x0)2/2a2s
]
, (21)
with the following amplitude, width and half separation [35]
As =
2Amam√
pi
e−2/pi, as =
piam
16
e4/pi, x0 =
2am√
pi
. (22)
Due to the destructive interference the norm of the molecule will be
slightly less than twice of the soliton’s norm. We shall neglect this effect
12
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Figure 5: Left panel: The waveform Eq.(10) as approximation by two Gaussian functions
Eq. (22) separated by a distance x0 = 1.82,. Parameter values: Am = 2.04, am = 0.81,
N = 2. Right panel: The binding energy of the two-soliton molecule as a function of its
norm for different strengths of the dipolar interactions. Weakly bound soliton molecule
with g = 12 disintegrates (∆E → 0) even though its norm is sufficiently large Nm ≃ 2.5.
and set Ns = Nm/2. These relations lead to the expression for the binding
energy of the molecule
∆E =
Nm
4pi2a2m
[
3pi2 − 512 e−8/pi
]
− qN
2
m
8
√
2pi3/2am
[
3pi − 32 e−4/pi
]
−
gN2m
24
√
piσ
[
4σFm − 3
√
2piFs
]
. (23)
where Nm, am are the norm and equilibrium width of the molecule, given by
the fixed point of Eq. (12).
5. Conclusions
The analytic expressions for the potential of interaction between bright
solitons and the binding energy of a two soliton molecule in quasi-1D dipolar
BEC have been derived. The mathematical model, based on the variational
approach, has been corroborated with the results of numerical simulations
of the nonlocal Gross-Pitaevskii equation. The developed model allows to
explore the properties of solitons and two-soliton molecules in the weakly
bound regime, when the short-range contact atomic interactions and long-
range dipole-dipole interactions nearly balance each-other. The obtained
13
results can be of interest in future experiments with dipolar BEC, including
the conditions close to the formation of quantum droplets.
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